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The connection between integrals of products of Laguerre polynomials, power 
series coefficients of certain rational functions of several variables, and certain 
numbers of weighted permutation problems is investigated. A combinatorial 
proof of our main result would be very desirable since this could lead the way to 
more general results, q-analogs, and perhaps even a q-analog of MacMahon’s 
Master Theorem. 
1. TNTRODUCTION 
It is possible to identify the following: 
(a) certain integrals of products of Laguerre polynomials, 
(b) power series coefficients of certain rational functions in several 
variables, 
(c) certain numbers occurring in permutation problems with restric- 
tions. 
The connections among these three sets of numbers can be useful, for one 
of these sets may be easier to study than the others. In particular, these 
numbers can be interesting when they are always positive, or nonnegative, 
and this positivity can be far from obvious in some of the interpretations. 
The connection between (a) and (b) and positivity problems was considered 
by Szego [14], Askey and Gasper [4, 51, and Askey [3]. The connection 
between (b) and (c) comes from a theorem of MacMahon [12, pp. 93-981, 
which he called the “Master Theorem.” 
* Supported in part by the NSF under Grant MPS 75-06687 A03. 
5 Supported in part by grants from McMaster University and the National Research 
Council of Canada. 
277 
0097-3165/78/0253-0277$02.00/0 
Copyright 0 1978 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
278 ASKEY, ISMAIL, AND KOORNWINDER 
THE MASTER THEOREM. Set 
V, = det(1, - A,X,) 
where I, is the n x n identity matirx, A, = (a&=, , and X, = (~ij)&=~ , 
xi9 = xi& . Then the coe$cient of x:1 ..a xi n in the power series expansion of 
V;’ is the same as the coeficient of the same term in the expansion of 
(ad1 + ... + alnx,)bl ... (amlxl + ... + annx$n. 
EXAMPLE I. (,See MacMahon [12, pp. 99-l 121, Even and Gillis [9], and 
Askey, Ismail, and Rashed [7].) For a: > --I, let 
A(n, ,..., nk ; a) = (-l)nl+“.+n* s 
m L”,,(x) *.* L”,,(x) x”e-” dx. 
0 
Here L,“(x) is the Laguerre polynomial with generating function 
(1 - r)-a-l exp(-xr/(l - r)) = i L,*(x) P. 
9%=0 
Then 
2 A@ 1 ,..., nk ; a) r:l a.. r,“S 
711....,7ke=0 
qa: + 1) 
= (I - u2 - 2a, - ... - (k - 1) u*)a+r ’ 
where CT~ is the jth elementary symmetric function in r1 ,..., rk . Hence 
A@, ,..., nk ; CX) > 0. Application of the Master Theorem shows that 
A@, ,..., nk ; 0) is also the coefficient of r:l ..* r2 in 
(r, + a+. + rk)nl(rl + r3 + se* + rk),)“* ... (rl + ... + rkJnk. 
Suppose that we are given k boxes with nj distinguishable objects in box j. 
Then it follows that A(n, ,..., nk ; 0) is the number of ways of rearranging 
these objects so that box j has nj objects and no object remains in its original 
box. 
EXAMPLE 2. For CY > -1, let 
B(k, m, n; a) = 6 LB*(x) Lma(x) L,“(x) x”e-2r dx. 
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Then B(k, m, n; a) > 0 for 01 > +( - 5 + (17)l/“) and 
r(a + 1) 
(2 -r-s- t + rst)“+l 
= k $n=o B(k, m, n; a) rkPtn 
, , 
(see [5]). Askey and Ismail [6] used the Master Theorem to show that the 
coefficient of rksmtn in 
(r - s - t)k(-r + s - t)“(-r - s + t)” 
equals 2k+m+n+1B(k, m, n; 0). From these two results, the following combi- 
natorial interpretation was immediate. Consider rearrangements as in 
Example 1 with only three boxes, but do not require that each object move 
to a new box. Then the number of such rearrangements in which an even 
number of objects have moved from their original box to a different box is 
larger than the number of rearrangements in which an odd number of 
objects have moved. 
The main result in the present paper is a generalization of Example 2, 
which was made possible by some results from Koornwinder [ll]. There 
he showed the nonnegativity of 
s 
m Lkm(x) L,$ix) Lna(( 1 - X)x) x”e-” dx 
0 
when 01 >, 0, 0 < X < 1. This inequality can be iterated and one of the 
corollaries is 
if 01 >, 0. These numbers B(n, , n, , n3 , n4 ; a) can also be obtained by the 
generating function 
l-(01 + 1) 2-m-l 
[I - 3;bi + r2 + r3 + r4) + +(r1r2r3 + rlr2r4 + rlr3r3 + r2rgrg) - r1r2r3r4]a+1 
= f B(n, , n2, n3, n4 ; a) r,“lr,“?,“3r?. 
~l*%pgr7Z~-0 
It will follow from the Master Theorem that the coefficient of r:v$W+,“r in 
(rl - r2 - r, - r4)n1(-rl + r9 - r3 - rJz 
x (-rI - rz + r3 - r4)n3(-r1 - r2 - r3 + r4)n4 
equals 2nl+nz+n3+n4+1B(n, n2 , n3 , n 4 ; 0); hence we have the combinatorial 
results of Example 2 with four boxes instead of three boxes. As was mentioned 
280 ASKEY, ISMAIL, AND KOORNWINDER 
in [6], this result fails for five boxes. Substitute results for any number of 
boxes will be given below. 
There is another way of looking at these results which is suggested by 
coding theory. Consider all words x = (xl ,..., x,) consisting of it letters 
taken from an alphabet {I, 2,..., k} of k different letters. Define the Hamming 
distance dH(x, y) between two words x and y as 
Fix nonnegative integers Q , n, ,..., nL such that n, + ... + n, = n and let 
n n1,...,12r denote the class of all words containing the letterj exactly nj times, 
j = I,..., k. The symmetric group S, in n letters acts as a transitive transfor- 
mation group on .Qn,l,..,,,b and all u E S, leave the Hamming distance fixed. 
Let e = (l,..., 1, 2 ,..., 2, 3 ,..., k ,..., k) be a fixed element of On1 ,..., lllc . Then 
the subgroup Snl x Snz x ... x Snk of S, is the stabilizer of e and sZ,l,...,,k 
is the homogeneous space S,/S,l x &, x a.. x S,* . For k = 2 this is called 
the Johnson scheme (see [8] or [13]). 
Example 1 deals with the number of elements in 9, ..,nl, which are at 
maximal Hamming distance n from e. In Example 2 and i’n’ the present paper 
we prove some theorems about the sign of the difference between the number 
of points in Qnl ,... rl,z which are an even, respectively odd, Hamming distance 
from e. 
If x> Y E Qnl,...JLk and I < p, q < k, set 
and 
n Y,Q = lll,,p(X, Y) = Kj I 1 <cj < n, Xi = P, ?‘j = S>l 
Clearly Ciz1 nij = n, and &, n,j = nj and d(x, y) = n - tr N(x, y). It can 
easily be proved that if x1 , y1 , x2, y, E Q,l,...,,lc, then there exists (T ES, 
such that ax1 = xp , my, = yz if and only if N(x, , vl) = N(xe , yz). Some of 
the results in the present paper can be interpreted as 
c W(x, 4) > 0, 
~E%l~,...,,k 
where F is some function of the matrix entries +(.y, v). 
The analytic results relating to problems (a) and (b) of the first paragraph 
are given in Section 2. The appropriate determinants and the connection with 
combinatorial problems are treated in Section 3. The reader whose interest 
is exclusively combinatorial may find Section 2 of less interest than Section 3. 
Some reader may be able to supply combinatorial proofs for the results in 
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Section 3. One reason such proofs are wanted is that they may extend to the 
q-setting. There are q-analogs of Laguerre polynomials (see [2, lo]), but at 
present there is no q-analog of MacMahon’s Master Theorem. Such a 
theorem would be very interesting (see [I]), and one can hope that a few 
more examples of results which would follow from this still unknown 
theorem might suggest the form that it will take. 
2. ANALYTIC RESULTS 
Laguerre polynomials Lna(x) can be defined by the generating function 
(1 - I)-“-~ exp(--sr/(l - r)) = 2 Lnol(x) P. 
11 =o 
Their orthogonality relation is 
I 
m L,“(x) Lme(x) xQeP dx = 0, 
0 
tn # n, 
= r(n + 01 + 1)/n ! , 
when a: > -1. See [15, Chap. 51. 
Koornwinder’s inequality (see [I 1, Corollary 5.51) is 
m = n, 
&?A~) = s 
oz Lka(x) Lmu(hx) I.,&((1 - X)x) xae-” dx > 0, 
01 > 0, 0 < h < 1, and strict inequality holds if k = 0 and 0 < X 
By orthogonality this is equivalent to 
with 
ak,7,t,n = r(k _Ikh $. ,,-LA) 3 0. 
This can be iterated to give 









with a, 3 0 when 01 > 0, X, + ... + Xi = 1, and Xi > 0, i = 1, 2 ,..., j. Also, 
a, > 0 if in addition Xi < I for i = 1,2 ,..., j. (Later we will write a, = 
a,@, ,..., Aj ; nl ,..., nJ.) 
The proof is by induction with respect to j. 
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Using an old expansion for Laguerre polynomials with a scaled argument, 
it is possible to decrease the argument of any of the Laguerre polynomials 
on the left in (2.5) and retain nonnegative coefficients. For 
(3 (1 - h)n-k P&a(x), (2.6) 
k 
or in a more attractive formulation 
&s&l = i. (J (1 - A)+-k A” a. (2.7) 
There are many ways to derive (2.6). For completeness we give one: 
m 02 
s c r”skLna(Xx) Lka(x) x”e-” dx 0 li,n=o 
= (1 -r)-"-l(l +qm X"e-"~r/(l-~)-zs/(l-s)-sdx 
r(a + 1) = 
I(1 - r)(l - S) (& + rSJ + l)ja+l 
= T(a: + I)[1 - (1 - h)r - hrs]-a-’ 
= T(a + 1) f (a 1, Iha P[l - x + As]” 
n=0 




m ~,~(hx) Lkm(x) x”e-” dx = T(a + 1) (a ;, ‘), (;) (1 - h)n--k A”, 
0 
and (2.6) follows by orthogonality. 
Now the following theorem can be obtained. 
THEOREM 1. If hi > 0, i = 1, 2, . . . . k, LY > 0, and 
~b,+, hi < 1 for some j, I < j < k, then 
C:=, Xi < 1, 
co k 
0-I 
L”,i(xix) x4e+ dx 2 0. (2.8) 
0 i=l 
If in addition hi < 1 for all i, 1 ,< i ,< k, then the inequality in (2.8) is strict. 
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L&(&x) x’e-” dx 
0 i=l 
x s m [Lmw(x)12 xae-* dx 0 
and all of these terms are nonnegative. Formula (2.7) can be used to decrease 
any of the Ai’s. If, in addition, all the XI’s satisfy hi < 1, i = l,..., k, then 
no > 0, so there is a positive term in this sum of nonnegative terms and the 
integral is then positive. 
The generating function for the integrals in Theorem 1 is given next. 
THEOREM 2. If Xi 3 0, 01 > -I, and 
& 1 ,.‘., nk ; x1 ,..., A,) = lrn fi L”,d(Xix) x’e-” dx, 
0 i=l 
D,(E) := C b(n, ,..., nk ; A, ,..., A,) rr’ .+* r:” 
= r(a + 1) [ fi (1 - ri) + t Air, lJ (1 - ri)]-“-’ 
61 i=l j#l 
(2.9) 
(2.10) 
The proof is immediate from the generating function (2.1). 
The special case 01 = 0, k = 4, Xi = 4, i = 1, 2, 3, 4, is interesting enough 
to state as a special case. 
(2.11) 
= [I - B(r + s + t + u) + -&(rst + rsu + rtu + stu) - Mu]-l. 
The strength of Theorem 1 can be seen from: 
THEOREM 3. If c = cf, hi > 2 hen 
(-l>j 1 b(n, )...) IEk ; A, ,...) A,) > 0 (2.12) 
n,+..+nk=j 
for j suficiently large. In particular, inequality (2.8) fails for some n, ,..., n, . 
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ProoJ: Letr, = ... = rk = r in (2.10). Then 
f 1 b(n, ,..., nk;hl ,..., A,)$ 
j=O x:nizj 
r(a + 1) 
= (1 _ r)uc-lh+lyl _ r + cr)(a+l) = f G-1. 
The singularity of f(r) at r = (1 - c)-l is closer to the origin than the 
singularity at r = I, so the dominant term of thejth coefficient of the power 
series is 
c - 1 
qaf-1) ___ 
i 1 
(*+l)(!+l) (a + l)j 
C 
____ (1 - c>j, 
j! 
which proves (2.12). This type of argument was introduced by Darboux. 
See [15, Chap. 81 for a treatment of Darboux’s method. 
3. COMBINATORIAL RESULTS 
To interpret the nonnegativity results in Theorem 1 we must find a deter- 
minental representation for [O,(O)]-‘. Then the Master Theorem can be 
applied. 
THEOREM 4. Wehace 
[L&(O)]-l = fi (1 - rJ + i hiri n (1 - rj) 
j-1 i=l j+i 
= det(aij - &rJ, 
(3.1) 
where 
C/jj = (1 - &) i = 1, 2 ,..., k, 
djj = -(XjXj)1'2 
(3.2) 
i #j. 
ProoJ: The proof will be by induction on k. Assume the theorem is true 
for k - 1. If one of the rj’s is zero the theorem is true by induction. Then if 
det(&) is expanded in a power series all of the coefficients are determined 
except the coefficient of r1 ... rR . And by induction they are all as given in 
(3.1). So the only remaining task is to show that 
det(S,, - (&hj)1:2) = I - i hi . 
i=l 
(3.3) 
Again this is proved by induction. Expand the left-hand side in a power series 
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in powers of hi . If hi = 0 the left-hand side is the same determinant with the 
ith row and column removed, and both sides are equal by induction. Doing 
this for i = 1, 2,..., k gives all the coefficients except the coefficient of A, ... A,. 
This is det(-(AiXi)l/z), which is clearly zero. This completes the proof of (3.2) 
and thus of Theorem 4. 
The Master Theorem and Theorems 1 to 4 give: 
THEOREM 5. If hi 3 0, C:=, Ai < 1, C%,+, hi < 1 for some j, and dij is 
de$ned by (3.2), then the coefficient qf $1 ... r3 in the expansion of 
(3.4) 
is nonnegatice and is positive if in addition all Ai < 1. If &, hi > 2 this 
inequality fails for some {nJ. 
Observe that the coefficient of r,“l .** r2 in (3.4) can be interpreted as 
Some interesting special cases of Theorem 5 follow. Let k = 4, hi = 4, 
i = I, 2, 3, 4. Then the multilinear form (3.4) is 
( rl - r2 - r3 - r4 nl -rl + r2 - rg - r4 n2 2 I( 2 1 
X ( -rl - r2 + r3 - ra n3 -rl - r2 - rs f r4 n4 2 I( 2 1 * (3.5) 
This can be multiplied by 2n1+n2+n3+n4, and then the positivity of the coefficient 
of $v>rivp is easily seen to be equivalent to the following. 
If n1 + n2 + n3 + n4 distinct objects are put into four boxes, and all 
rearrangements of these objects which leave the numbers of objects in each 
box invariant are considered, and if those that only permute the objects in 
each box are identified, then 
c 1> c 1. 
Those rearrangements with an Odd (3.6) 
even number of object8 that 
move to a different box 
In the future we will write &en (odd) to denote the sum over rear- 
rangements with an even (odd) number of objects that move. 
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An extension of this to 2k boxes is the following. 
p - 1) number of objects that do not change boxes 
> C (k-11) 
number of objects that do not change boxes 
Odd 
(3.7) 
To obtain (3.7) let hi = k-l, i = 1, 2,..., 2k, in Theorem 5, and multiply 
the coefficient of ryl ... r,“,“” by kml+“‘-tn2k. 
Another way of writing (3.7) is 
zsd) c C-1) 
dH(“,d(k _ l)n--d&.e) > 0. 
(3.8) 
“,,““?Q 
In (3.7) or (3.8) the number (k - 1) can be replaced by any larger real 
number and the inequality continues to hold, while if it is replaced by any 
smaller number, then the inequality fails for some choice of n, ,..., nL . 
When there are an odd number of boxes, say 2k - 1, then (3.7) holds, 
for one need only add a new box which contains no objects. It is unlikely 
that (k - 1) is sharp in the case of (2k - 1) boxes, but this is open. It would 
be interesting to obtain a best possible result of this type for three boxes. 
As another example, consider the case of five boxes with one object in 
each box. There are 120 different rearrangements, 56 with an even number of 
objects that move and 64 with an odd number that move. However, 
and 
c2 
# of oblects that do not move = 202 
Even 
Ix.2 
# of objects that do not move = 124. 
Odd 
Koornwinder’s original inequality applies to the case of three boxes. Here 
h, = X, h, = 1 - h, and h, = 1, so (3.4) becomes 
[(l - h) rl - (X(1 - h))l’2 r2 - h1’2 Q’ 
X [-(X(1 - A))‘/’ rl + Xr, - (1 - X)l’” r,]“z[-h1’2r, - (1 - A)l” r21k3. 
(3.9) 
When X = 4, this is 
r1 r2 _---- 
2 2 
Since we are only interested in the sign of the coefficient of r;lr,“zris we may 
replace r3 by r,2-1/2 and multiply by 2 kl+k2+k3/2. Then form (3.10) becomes 
(rl - r2 - ra)‘l(-rl + r2 - rs)kz(-rl - r2)k3. 
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This is a rearrangement problem, but now the third box is treated as a 
derangement box; i.e., every object which starts in it must be moved to a new 
box. 
In the Introduction we suggested that it would be interesting to have 
combinatorial proofs of the inequalities in this section. It is unlikely that the 
general inequalities can be proven combinatorially, but this rearrangement- 
derangement problem with three boxes may be simple enough that someone 
can do it combinatorially. This would be interesting, for a solution to this 
problem would give a solution to the rearrangement problem for four boxes 
with equal weights. 
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